Based on statistical thermal approaches, the transverse momentum distribution of the wellidentified produced particles, π
I. INTRODUCTION
With the relativistic heavy-ion experiments, it is intended -among others -to explore the various stages of the most-central heavy-ion collision as an experimentally controlled attempt towards a better understanding of the collision dynamics and the subsequent evolution of the strongly colliding system [1] . The deconfinement of colliding hadrons which are conjectured to expand rapidly and later on to cool down leads to formation of colored quark-gluon plasma (QGP), at high temperatures [2] . Second, the "hadronization" or the phase transition from the deconfined QGP to the confined colorless hadrons can be simply illustrated as a recombination of quarks and gluons that takes place at some critical temperatures. After cooling down, a stage characterized by fixing the number of uncorrelated produced particles, i.e. chemical freezeout, takes place [3] [4] [5] [6] [7] [8] [9] . In such an expanding system, another freezeout state is to be defined by a competition between local scattering and the expansion rates, known as kinetic freezeout [10] .
Various signatures of the QGP formation and the phase transition have been suggested, so far [11] . One of these signatures is the strangeness enhancement where the gluon-gluon interactions in QGP-medium lead to ss pair-production and this saturates rapidly the content of strange quark in case of forming QGP phase resulting in an enhancement in the production of strange hadrons and hence the multi-strange baryons and strange anti-baryons, as well [12, 13] . Another type of signature is that the various thermodynamic quantities such as pressure, energy density, and entropy density of the system can be estimated statisticaly as functions of the temperature T and the baryon chemical potential µ B . A third type of indirect signatures, which manifests essential properties of QGP, can be measured by the transverse momentum distribution p T [14, 15] . These are examples on the significant tools available in order to understand the dynamics and the properties of the produced particles from initial stages of the collision up to the final freezeout stage is the precise measurement of the p T of well-identified hadrons with varying rapidity spectra [16] . In the present work, we combine the second and third types of signatures. We aiming at an empirical estimation of the chemical potential µ from the rapidity distributions of well-identified produced particles, π + , π − , K + , K − , p,p. The dependence of the freezeout temperature T ch on the fireball rapidity was discussed in literature [17] [18] [19] [20] . Another concept for the dependence of the baryon chemical potential µ B on the rapidity y was reported in ref. [21] . It was concluded that a certain value of temperature seems being sufficient to describe the results obtained at different rapidity intervals. In principle, the chemical potential µ plays an essential role in the statistical treatment of the particle production.
The rapidity spectra of protons and anti-protons measured in Relativistic Heavy Ion Collider (RHIC) at nucleon-nucleon center-of-mass energy √ s NN = 200 GeV have been described by a statistical model [18] , in which the formation of hot and dense regions was assumed to move along the beam axis with increasing rapidity. An extended version of this model was utilized in describing the rapidity spectra of protons, anti-protons, Kaons, anti-Kaons, pions, and also the ratiosΛ/Λ andΞ/Ξ measured at RHIC energies [22, 23] . Out of these proposals a unified approach was constructed [16] .
In the present paper, we introduce an alternative method to determine -in an almost direct way -the chemical potential µ from the rapidity distributions of well-identified produced particles, π
In almost all high-energy experiments, the rapidity distributions are precisely measured quantities. This means that when utilizing this measured quantity, we can quasi directly access or determine the chemical potentials of the various particles produced within a definite range of rapidity, independent on the collision energy, or the collision volume and/or its type. In other words, we are introducing a universal approach enabling to measure the chemical potentials in an almost-entirely empirical procedure. The ultimate confirmation of our results, i.e. proposing a universal dependence of the full chemical potentials µ on rapidity of each produced particle, could be proven through the ability to reproduce the measured rapidity distributions for these particles. In other words, should our proposal for the dependence of µ on y is valid, measured dN/dy vs. y in most-central collisions can well be described, at various collision energies.
The present paper is organized as follows. The theoretical approaches are presented in section II. The statistical thermal approaches are discussed in section II A. Section III gives the results. The dependence of the resulting chemical potential on rapidity is shown in section III A. The utilization of our approach in reproducingA. Our Approach
In order to characterize the particle production in the final state, where the chemical freezeout is likely reached, at which the number of produced particles is fixed in the end, different statistical-thermal approaches have been utilized. For a recent review, interested reads are advised to consult ref. [11] . The expressions outlined in the previous section can be now formulated within a statistical-thermal model, such as the hadron resonance gas model (HRGM) [11] . For simplicity let us assume that the HRGM has just one constituent,
where H is the Hamiltonian of the system, which is given as a summation of the kinetic energies of the relativistic Fermi and Bose constituents counting for the effective degrees-of-freedom of the confined hadrons [25] . The chemical potential µ combines all components related to the various quantum numbers; µ = Bµ B + Sµ S + Qµ Q + I 3 µ I3 + · · · , where B, S, Q, and I 3 are baryon, strange, electric charge, and isospin quantum numbers, respectively.
The freezeout temperature T ch and µ are well-known thermodynamic parameters to be determined from these approaches [26] . In Fermi-Dirac and Bose-Einstein statistics, the total number of particles N can be deduced as
where g is the degeneracy factor and V is the volume of the system of interest. ± stands for fermions and bosons, respectively. From Eq. (6), the momentum distribution, Eqs. (2)- (4), can be estimated
From Eqs. (4) and (7), we get
Hence energy can be expressed as a function of rapidity, E = m ⊥ cosh(y) [24] and the transverse mass of the particle m ⊥ can be given in dependence on the transverse momentum of that particle p ⊥ and on its mass
From Eq. (9), we can deduce an expression for the dependence of the total chemical potential µ of the particle of interest on its measured rapidity y,
In other words, we propose to express µ in terms of y besides m ⊥ and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 . The latter is a quantity, which is precisely measured in most-central collisions, Tabs. I-VI. The energy dependence of µ is hidden in y and apparently in p ⊥ and d 2 N/(2πp ⊥ dp ⊥ dy), as well. Eq. (12) translates this in an unambiguous way.
Also, by integrating Eq. (9) with respect to p ⊥ , the particle rapidity distribution dN/dy can be given as a function of rapidity y
This is another expression, with which we can judge about the validity of our approach, where µ given in Eq. (10) plays an essential role. Again, it is apparent that apart from µ, both p ⊥ and m ⊥ are characterizing the particle of interest. Accordingly, we believe that the physical insights of the dependence dN/dy on y can be learned from Eq. (11) . The latter is a precise measurement. Should our approach for µ is correct, Eq. (11) should be able to reproduce the experimental results. The energy dependence of dN/dy is also given in y.
III. RESULTS AND DISCUSSION
For the seek of completeness, we recall that the dependence of the baryon chemical potential on the beam energies was subject of various studies [27, 28] . In the present study, we focus on an almost entire empirical estimation of the dependence of the generic chemical potential on rapidity of well-identified produced particles. With generic we mean all quantum numbers, especially baryon and strangeness. While the energy dependence reported in refs. [27, 28] is based on thermal models and their confrontation to the experimental results from most-central collisions, none of such models is needed for the rapidity dependence we are introducing here. The second difference is that the thermal model energy dependence [27, 28] deals with the baryon chemical potential, exclusively. The generic chemical potential introduced in the present script is analyzed in dependence on rapidity of well-identified produced particles, only. The third difference is the thermodynamic nature of both quantities. While µ is intensive, the energy is an extensive thermodynamic quantity.
A. rapidity dependence of resulting chemical potential 
, (e), and (f), respectively. Symbols refer to the calculations based on Eq. (10), where STAR results on p ⊥ in GeV and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 , at √ sNN = 7.7, 11.5, 19.6, 27, 39, 130, 200 GeV [29] are taken into account, while the curves represent the statistical fits, Eqs. (12)- (17) and Tabs. I-VI.
The dependence of the chemical potential µ on rapidity y is (can be) estimated from the partition function of the grand canonical ensemble [11] . As discussed, the proposed expression, Eq. (10), is deduced from the integration of Eq. (8) . Then, for various charged particles at different energies, the values obtained from this expression are to be inserted in all forthcoming equations up to Eq. (10) . As elaborated in the previous section, Eq. (10) can be estimated by using experimental inputs for p ⊥ in GeV and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 . We assume an over all freezeout temperature T = 0.165 GeV at various collision energies, as shown in Fig. 1 . With this respect, it should be emphasized that to the authors' best knowledge there is no experimental results available on rapidity distribution at 64 GeV to compare with.
Alternatively, from Eq. 10, a direct relation between µ and y is proposed. This is the main target of the present script. To this end, we first fit this expression to the experimental results from most-central collisions on p ⊥ in GeV and d 2 N/(2πp ⊥ dp ⊥ dy) in GeV 2 N/(2πp ⊥ dp ⊥ dy) in GeV 11.5, 19.6, 27, 39, 130, 200 GeV are taken from the STAR experiment [29] , Tabs. I-VI, while the curves are the statistical fits based on the expressions (12) - (17) .
It is worthy emphasizing that ref. [29] isn't presenting experimental results on rapidity, explicitly. Indeed, it is merely introducing results on the transverse momentum distributions, p ⊥ in GeV and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 . These are the ones entering our calculations based on Eq. 10. In other words, with the experimental results on the different produced particles, we mean that calculations based on the experimentally measured transverse momenta of these particles in most-central collisions. Again, we first use Eq. 10 to draw symbols in Fig. 1 . Then we fit these results to the various expressions (12) - (17) . in order to obtain another dependence of µ on y for various particles at different energies, Tabs. I-VI.
For the statistical fits, the values of p ⊥ and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 at different energies, Tabs. I-VI, are taken into consideration. Then, the results of µ as functions of y for the individual particles can be plotted, as in Fig. 1 . Again, the most-central experimental results on p ⊥ in GeV and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 , make it possible to determine µ(y), Eq. 10. Tab. I: Experimental results on p ⊥ GeV and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 , at various energies utilized in Eq. (10) and depicted in Fig. 1 . The very right column gives statistical fits for µ in dependence on y and the fit parameters a and b for m π + = 0.140 GeV and g π + = 1. The procedure of relating the chemical potential µ to the rapidity y can be summarized as follows.
• Substituting the experimental values of p ⊥ GeV and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 from most-central collisions [29, 30] , Tabs. I-VI, in Eq. (10).
• Then, plotting µ vs. y as shown in Fig. 1 .
• And finally extracting expressions for each of the produced particles, Tabs. I-VI. This is the only fit process conducted in order to obtain generic expressions for µ(y).
It is obvious that just one expression is utilized for each particle and its anti-particle. It is obvious that this universal expression is not depending on the collision energies. We come again to this point. But as discussed Tab. IV: The same as Tab. I but for m K − = 0.490 GeV and g K − = 1. in earlier sections, the energy dependence is hidden in y among other quantities. When moving from one energy to another, we repeat the same procedure. Accordingly, the dependence of the resulting chemical potential of each particle µ on rapidity y can be expressed as 
Obviously, this result would guide our thoughts that each particle would have a defined value of µ at a certain value of rapidity y [17, 22] . With these regards, it is worthy recalling again that each of these expressions seems not depending on the collision energy and being identical for the particle and its anti-particle. In light of this result, we would like to make a further step. We propose a more universal expression unifying the previous ones, i.e. convincingly relating µ to y for all particles at all energies. where, a and b are parameters in MeV units slightly differ from the ones listed in Tabs. I-VI, in Eq. (10). This is the main result out of this study. In the section III C, we elaborate how this expression is valid, at all energies and well reproduces all experimental results for rapidity distributions, dN/dy vs. y. From Eq. (18), we would conclude that vanishing rapidity might be accompanied by finite chemical potentials, µ = a. The generic relation between beam energy and rapidity can be parameterized as follows.
where c and d are constants depending on the type of the particle. 
where the exponent d/2, which apparently merely depends on the type of particles, can be approximated as −1.165. Fig. 2 depicts the results corresponding to π
. The double-dotted curve gives the calculations based on thermal model [27] . We find that pion and kaon have almost an identical energydependence, while proton and anti-proton have a slightly rapid energy-dependence. Nevertheless, the differences between both sets of calculations could be neglected. Firstly, the present study deals with a generic chemical potential, while the expression based on thermal models [11, 27] deals with the baryon type, only. Secondly, the present study focuses on single particle and its rapidity in additional to the transverse components of mass and momentum, while ref. [27] is based in bulk themrodynamics of an ensemble of an ideal gas with various components, hadron resonances [11] . When comparing both expressions, we observe that the resulting curves have almost the same energy-dependence, at least quantitatively. As elaborated, the slight difference can be understood due to source and nature of the chemical potential.
To summarize this point, we highlight once again that we are introducing a generic chemical potential. The produced particles taken into consideration account for both baryon and strangeness chemical potentials, only. This might be emphasized from the slight different between Kaons and protons, Fig. 2 and Eq. (20) .
When reviewing the fit parameters obtained from Eq. (20), there is almost no difference between particle and anti-particle. This might be understood from the small differences in the measured quantities, m ⊥ GeV, p ⊥ GeV, and d 2 N/(2πp ⊥ dp ⊥ dy) GeV −2 [29] . On the other hand, this result agrees well with the statistical thermal treatment, where the absolute chemical potential are taken identical for particle and anti-particle.
C. Verification
One of the validity checks was elaborated in the previous section. To this end, we have started with Eq. (18) , in which the chemical potential µ is substituted by Eq. (19) . The constants in Eq. (19) are given in Tabs. I-VI, which apparently vary from particle to particle. In other words, the dependence of µ on y is simply given by the constants a and b, which in turn depend on the particle of interest. Finally, we have illustrated Eq. (20) in Fig. 2 . The results agree well the the thermal model calculations [27] .
In the present section, we discuss another validity check. We compare the experimental results on dN/dy vs. y with our calculations based on Eq. (11) . As introduced in section II A, for these calculations, µ given in Eq. (10) plays an important role. Besides µ, the corresponding p ⊥ and m ⊥ characterize the particle of interest. Confronting these calculations to the experimental dN/dy vs. y, which is a very precise measurement proves or disproves the validity of the proposed approach. Should our approach for µ, Eq. (11), is valid, the comparison, where no statistical fits are done, agrees well with the experimental results. Figure 3 shows the rapidity distribution dN/dy for π + (almost the same for π − ) as functions of y at energies ranging from 2 GeV to 200 GeV (symbols) [31] [32] [33] [34] [35] . The calculations using Eqs. (11) are given as solid curves. It is apparent that there is an excellent agreement, at all energies. Figure 4 depicts another comparison for K + and K − , at energies ranging from 62.4 GeV to 200 GeV [31, 32, 36, 37] . Again, our results, Eq. (11), agrees well with the experimental results. Figure 5 presents dN/dy for proton (almost the same for anti-proton), at different energies [31, 38, 39] . It is also apparent that Eq. (11) is excellently successful in determining the measured dN/dy vs. y for this baryon particle, at different energies.
As shown in figures 3, 4, 5, there is a excellent agreement between the experimental results and our calculations based on Eq. (11) for all particles. at various energies. The chemical potentials µ, Eq. (10), besides other empirical inputs are crucial. Accordingly, we conclude that our approaches, Eqs. (10) and (11), It should be remarked that the last plot in Fig. 5 shows that the experimental results seem to have two peaks, while the curve, our estimation, has just one. This is the only disagreement. A similar case would be also seen in the last plot of Fig. 3 . To fit with scope of the present script, we highlight that the curve is solely obtained by using Eq. 11, e.g. no statistical fits have been conducted. With these regards, one would have noticed that both plots, in which this discrepancy appears, depict the results at the highest energies available. This might manifest remarkable signatures to be analyzed in a future study. A more plausible explanation is still missing. The rapidity distribution dN/dy is given as function of y for π + (almost the same for π − ) measured in most central collisions, at energies ranging from 2 GeV to 200 GeV [31] [32] [33] [34] [35] . The experimental results are depicted as closed symbols while our calculations based on Eq. (11) are gien as solid curves.
IV. CONCLUSIONS
Despite the restrictions put forward by the availability of experimental results on p ⊥ and d 2 N/(2πp ⊥ dp ⊥ dy) or accessibility of such results, which enforced us to compare few results measured at different energies, we believe that this is an excellent opportunity to check the ability of our proposed approach in describing excellently all such experimental results and accordingly to show that the universal dependence on µ on y works, well. We have restricted the calculations to most-central collisions. This vary from measurement to measurement and of course from experiment to experiment. It can be 0 − 5% centrality or 0 − 10% centrality. We focused on the narrower ones.
Based on the experimental results on p ⊥ and d 2 N/(2πp ⊥ dp ⊥ dy) for the well-identified produced particles, pions, kaons and protons and their antiparticles, the corresponding chemical potentials could be estimated in dependence on rapidity. By doing this, it was possible to derive a universal approach relating these two quantities with each other regardless type of the produced particles and energy and size of the colliding system µ = a + by 2 , where a and b are constants. An excellent agreement was found also when comparing the resulting energy dependence It wouldn't proper to make any clear statement about conservation. The reason is obviously based on procedure we are introducing. The rough limitation is restricting our approach to single particles. On the other hand, the experimental inputs are apparently limited to the detectors acceptance factor, and the ranges of rapidity and transverse momenta, etc. The assumption of an over all equilibrium seems should not contradict
